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Abstract 

We study reduction of Dirac structures as developed by Bursztyn, 
Cavalcanti and Gualtieri [6, from the point of view of pure spinors. We 
describe explicitly the pure spinor line bundle of the reduced Dirac struc- 
ture. We also obtain results on reduction of generalized Calabi-Yau struc- 
tures. 
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Introduction. 

In this paper we study symmetries and reduction of Dirac structures 
[121 122| and generalized complex structures |14l I16j from the viewpoint 
of pure spinors. As discussed in [14], pure spinors provide a key tool 
in generalized complex geometry, specially to study generalized Calabi 
Yau structures. Our main focus is the interplay between Dirac struc- 
tures/generalized complex structures and pure spinors in the reduction 
procedure introduced by H. Bursztyn, G. Cavalcanti and M. Gualtieri 
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[6] (see also [201 [26] for other reduction procedures) . More precisely, the 
main goal of this work is to find an explicit description of the pure spinor 
fine bundle associated to the Dirac structure Lred obtained by reducing a 
Dirac structure L under the procedure of . In (2^ , Y. Nitta introduced 
a procedure to reduce pure spinors in the context of generalized Calabi- 
Yau structures. The motivation for this paper is to put the work of Y. 
Nitta into the broader perspective of [6] and to move toward a general 
procedure to reduce generalized Calabi Yau structures. 

The set-up for the reduction on IT is given by an action of a (compact, 
connected) Lie group G on M which is lifted to an action on Courant 
algebroid E by automorphisms and an invariant submanifold N <Z M 
on which G acts freely. With these data in hands, one constructs an 
isotropic subbundle K <Z E\m from which one obtains a reduced Courant 
algebroid Bred over M^ed = N/G in which the reduced Dirac structures 
will be defined (see Theorem 12. lip . The reduction procedure itself start 
with an invariant Dirac structure L C E for which L\m r\ K has constant 
rank (a clean intersection condition) and gives the reduced Dirac structure 
Lred C Ered- OvLT approach to find the reduced pure spinor line bundle 
is based on a new description of Lred (see Proposition I2.16[l which, as 
an aside, relates the procedure of M. Stienon and P. Xu [21] to reduce 
generalize complex structures with that of [^. We prove that, up to 
the choice of a suitable splitting of E, Lred is obtained from L by a 
combination of pull-back by the inclusion map j : N ^ M and push- 
forward by the quotient map q : N ^ Mred (see [8] for the definition of 
such operations) exactly as in [26]. The choice of such splitting has the 
cost of introducing a 2-form B ^ (M) (which should be thought of as a 
change of coordinates) in the picture. From this, it is a simple matter to 
describe the pure spinor line bundle of Lred'- & T{a'T* M) is a pure 
spinor for L, then 

<Pred = q* o j* (e^ A if) (0.1) 

is a pure spinor for Lred, where q, : Q,(N) — >■ i^{Alred) is the push-forward 
of differential forms on the principal bundle q : N ^ Mred (see Theorem 
13. 4p . Moreover, we prove that, for x £ N, 'firedlqix) 7^ if and only if 
Lx r\Kx = (a transversality condition). In §4.1, we use formula (|0.1|) to 
give an alternative explanation of a recent result of G. Cavalcanti and M. 
Gualtieri relating T-duality [4] [5] to generalized geometry. 

In important examples (e.g. Nitta's reduction procedure), the transver- 
sality condition L\n C] K = is not satisfied and, therefore, formula (|0.1|) 
does not solve the problem of describing the pure spinor line bundle of 
Lred- Overcoming this transversality issue is the main technical problem 
we have to handle. To do that, we develop a pertubation procedure that 
replaces L by a new Lagrangian subbundle Ld of ^Iat (depending on the 
choice of a subbundle D C E\m) satisfying the transversality condition 
Ld r\ K — and producing the same reduced Dirac structure Lred as L 
(see Proposition 13.11]) . At the pure spinor level, the change from L to 
Ld has the effect of changing the pure spinor ip to (fio, which is obtained 
from (p by Clifford multiplication by an element of det(_D). In Theorem 
13.151 we use this pertubation procedure to obtain the general form of a 
nowhere- zero section of the reduced pure spinor line bundle corresponding 
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to Lred- 

(Pr-ed = g. o J*(e'^ A <^o). (0.2) 

This pertubation method enables us to recover Nitta's reduction [23] as a 
particular instance of (|U.2|I when D is properly choosen. We are also able 
to obtain a new result on reduction of generalized Calabi-Yau structures 
in the presence of transversality conditions (see Proposition 14. 8p . The 
main obstacle for applying our method to reduce generalized Calabi-Yau 
structures in a general setting is the lack of a fine control on how the 
de Rham differential relates with the pertubation tp ipo- In any case, 
formula (|0.2p gives us the tool to understand how the Chern classes of the 
pure spinor line bundles of L and Lred are related. 

The paper is organized as follows. In Section 1, we recall the main def- 
initions of generalized geometry and set notation. In Section 2, we present 
the BCG reduction procedure and prove Proposition 12.161 which gives a 
new characterization of the reduced Dirac structure Lred- Section 3 is 
devoted to Theorem 13.151 our main theorem which gives an explicit de- 
scription of the pure spinor line bundle of Lred. In §4.1, we move towards a 
general theorem about reduction of generalized Calabi-Yau structures and 
show how the work of Y.Nitta [23] fits into the framework developed in §3. 
In the last subsection §4.2, we explain how Theorem 13. 41 can be applied to 
recover a result of G. Cavalcanti and M. Gualtieri [10] on T-duality. More 
specifically, we show that the isomorphism of the twisted-cohomologies of 
T-duals spaces introduced in [4] is exactly an instance of formula (jO.ip 
when applied to pure spinors. 

Acknowledgements. This work is part of the author's PhD thesis, 
supported by CNPq. Thanks are due specially to Henrique Bursztyn for 
his guidance. The author would like to thank also C. Ortiz, A. Cabrera 
and G. Cavalcanti for helpful discussions. 

NOTATION. In this paper (specially in Chapter 3), given a linear 
homomorphism f : V ~^ W , we let f denote also the natural extension 
/ : A'V A'W to exterior algebras. We believe this will cause no 
confusion. 

1 Preliminaries. 
1.1 Courant algebroids. 

Let M be a smooth manifold and let vr : i5 — >■ M be a Courant algebroid 
[22| over M with anchor p : E —i- TM, fibrewise non-degenerate symmetric 
bilinear form (•, •) and bilinear bracket |,] on T{E). We will only deal 
with exact Courant algebroids. 

Definition 1.1. A Courant algebroid E is said to be exact if the sequence 

— > T'M E ^ TM — 5^ (1.1) 
is exact (we use {•, •) to identify E = E*). 
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The standard example of an exact Courant algebroid is TM := TM © 
T* M with pryJ^^ : TM — >■ TM as anchor, the bilinear symmetric form 
{■, •) canonically given by 

{X + i,Y + -n)= ixv + ^Yi, for X + 5, y + 77 G T{TM) (1.2) 

and the bracket [■, •] given by 

+ + = [X,y]+£xr?-iyd»7- (1-3) 

Given an exact Courant algebroid E, it is always possible to find an 
isotropic splitting V : TM — >■ E for i.e. a splitting V whose image 

is isotropic with respect to {■, •). The space of isotropic splittings for E is 
afRne over f2'^(M), i.e. given a 2-form B and an isotropic splitting V, one 
has that 

(V + B)(X) = VX+p*{ixB) 

is also an isotropic splitting and any two isotropic splitting are in the same 
n^(Af)-orbit. The curvature of V is the closed 3-form H £ Q.'^{M) defined 
by 

H{X,Y,Z) = {IVX, VYIZ). 

If we change V to V+-B, its curvature changes to H+dB. The cohomology 
class [H] G -?/^(M, R) does not depend on the splitting, and it is called 
the Severa class of E (see [25] for more details). 

For an isotropic splitting V with curvature H G f2"^(M), the isomor- 
phism S7 + p* : TM ®T*M — > E identifies the bilinear form and the 
bracket on E with the bilinear form \1.2\ and the H-twisted Courant 
bracket [25] 

lX+i,Y + tjIh = [X, Y] + Cxri ~ iyid^ - ixH) (1.4) 

respectively, where X,Y £ V{TM), ^,r] e r(T*M). 
Define $v : -E TM © T'M by 

$v = (V+p*)-\ (1.5) 

For a 2-form B G r2^(M), we have 

TB o <&v+s = <E>v, (1-6) 

where tb : TM — > TM is the so called B-field transformation and it is 
given by 

TBiX + ^) = X + ^ + ixB, for X G TM, ^ G T*M. (1.7) 

Let L C -E be a subbundle. Define 

= {eCiE\ (e,-)lL =0}. 

L is said to be isotropic if L C and Lagragian if L = . Equivalently, 
L is Lagrangian if it is isotropic and dim(L) — dim(M). 

Definition 1.2. '121 A Lagrangian subbundle L C E is said to be in- 
tegrable if |r(L),r(L)] C r(L). In this case we say that L is a Dirac 
structure. 
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In this work, we are mainly concerned with Dirac structures. Recently, 
there has been a lot of interest in these structures motivated by the work 
of M. Gualtieri in generalized complex geometry and its applications in 
physics (see [14] and references therein). 

Fix a closed 3- form H € 57^ (M). We finish this subsection giving some 
examples of Dirac structures L C (TM, [-,■]£?)• 

Example 1.3. Fora2-forma; G ri^(M), its graph = {{X,lj{X,-)) \ X € 
TAI} C TAI is a Lagrangian subbundle of TAf and L^i is integrable if and 
only if duj = ~H. 

Example 1.4. For a distribution A C TM on M, La = A ® Ann (A) C 
TM is a Lagrangian subbundle of TM. La is integrable if and only if 
A^TT and H\j- = T a fohation of M. 

1.2 Symmetries. 

Let E be an exact Courant algebroid over M. 

Definition 1.5. \17f The automorphism group Aut(i5) of a Courant 
algebroid E is the group of pairs (^','0), where is a bundle 

automorphism covering tp £ Diff(M) such that 

(1) ^•(vl>(-), *(■)> = (■,■) 

(2) [*(.),*(■)] = *[■,■]; 

(3) p o <i! = o p. 

Fix an isotropic splitting V : TM — >■ E. 

Proposition 1.6 ( 6 ). For (*,?/') G Aut(_B), there exists B G n^(M) 
such that 

$vO*0<i>-^= ^OTB (1.8) 

where tb is the associated B -field transformation p.7p . Moreover, if H £ 
f2^(M) is the curvature of V , 

H -iP'H = dB. (1.9) 

Remark 1.7. For A = (*, i/') G Aut(i5), the composition 

T^M ^ T^i^^M £;^(,) ^ S,, a; G M, (1.10) 

defines an isotropic splitting V'* which differs from V exactly by the 2- 
form B whose existence is stated in Proposition 11.61 (i.e. V — V"* + B). 

We say that preserves the splitting if the splitting defined 

by p.lOp equals V (i.e. * o V = V o ^/j,). In this case, 

*-°*°*v^ = ( t {/r ) 

and i>*H = H. 

The Lie algebra of derivations Der(_E) is the Lie algebra of covariant 
differential operators A : r{E) r(L;) covering vector fields X G r(rM) 
such that 

£x{;-}^{A;-} + {;A-) and Al,-] = [A-,-] + l;A-l 
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Choosing an isotropic splitting V, Proposition 11.61 identifies Der(_B) with 
the set of pairs {X, B) e V{TM) x Q.^{M) such that CxH = -dB (where 
H is the curvature of V). The action of {X, B) on r(TAf) is given by 

(X, B) • (y + 77) = [X, Y] + Cxri - iyB. 

In particular, given a section X + ^ of TM, one has 

{X, - ixH) • (F + r;) = [X + 5, y + j7]h. 

Hence, [X + ^, ■] is a derivation of E which we call inner derivation. In 
general, the adjoint map 

ad:eeE\ — > [e, ■] G Der(£) 

is not injective nor surjective (see Propoisition 2.5. of ^6, for more details). 

1.3 Pure Spinors. 

Let E be an exact Courant algebroid over M and consider the Clifford 
bundle Cl{E) associated to {E, (■, ■)) (see [19]). The fiber over x £ M is 
Cl{Ex), the Clifford algebra corresponding to {Ex, {■, ■)\x)- It is generated 
by elements in Ex subject to the relation 

6162 + 6261 = (ei, 62). (1-11) 

Contravariant spinors. Given an isotropic splitting V : TM — )> E, 
consider the identification <I>v : E TM (|1.5p . For e £ E, define 

sv(e) = prT.M('l>v(e)). (1.12) 

Associated to V, there exists a representation of the Clifford bundle C'l{E) 
(see [5]), IIv : Cl{E) End (A'T'M) , given on generators e e E hy 

nv(e)a = ip{e)Q + sv(e) A a, for a e f\'T*M. 

Given a section ip G r(A*r*A/), define 

Arv((/9) = {e e -B I nv(e)(/9 = 0}. (1.13) 

The relations (|1.11|) imply that is an isotropic subbundle of E 

(whenever it has constant rank). 

Definition 1.8. We say that ip £ r(A*r*M) is a pure spinor if Mviv) 
is a Lagrangian subbundle of E. 

Dually, given a Lagrangian subbundle L G E, define 

Uv{L) = {'pe A'T'M I Uvie)<p = 0, Ve G L}. (1.14) 

It can be proven (see [11]) that Uv{L) defines a line bundle on AI called 
the pure spinor line bundle associated to L. 

If we change the splitting by a 2-form B G Q^{M), the representation 
changes accordingly, 

Hv+s o = o IIv, (1-15) 
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where : A'T*M -> A'T*M is the exterior multiplication by = 
Y2'^=o rd^"- particular, for any Lagrangian subbundle L C E, 

Uv+BiL) = e''{Uv{L)). (1.16) 

We shall omit the reference to V in (7v (resp. A'^v, Hv) when con- 
sidering the canonical splitting X £ TM — >■ {X, 0) G TM for the class of 
Courant algebroids (TM, [■, -Ih), H £ 0.%{M). 

Example 1.9. Let cj G Q^{M) be a two form. Corresponding to the 
Lagrangian subbundle L^i given on Example 11.31 = e~" is a global 
section for the pure spinor line bundle U{Luj). 

Example 1.10. Let A C TM be a distribution. The pure spinor line 
bundle corresponding to La (see Example 1 1.4p is U{La) ~ det(Ann(A)), 
the conormal bundle of A. In the extremal cases, A = TM and A = {0}, 
one has 

U{Ltm) = A°T'M and (7(L{o}) = det(r*M). 
Regarding Examples 11.91 and 11.101 note that although there exists a 
global section for U{Lui), the existence of a global section for U{La) is 
obstructed by the orientability of the space of leaves (i.e. U{La) has a 
global section if and only if A is transversally orientable). This shows 
that the pure spinor line bundle carries extra information about the Dirac 
structure. 

The integrability of a Lagrangian subbundle L C E can be encoded by 
its pure spinor line bundle Uv{L), where V is an isotropic splitting with 
curvature H £ Q'^{M). One has that 

L is integrable ^ dniUviL)) C n^{Cl{E))Uv{L), (1.17) 

where (Ih — d — H A ■ is the H -twisted differential. We refer to [14] (see 
also PP) for a proof. 

Covariant spinors. The Clifford bundle also has a representation on 
multi-vector fields. The map Lly : Cl{E) — > End (aTA/) is given on 
generators e G E hy 

Hv (e)X = p{e) AX + is^(e)X. 

A section X £ r(A*rAi") is called a covariant pure spinor if (^X) : = 
{e e £ I Dv (e)X = 0} is a La grangian subbundle of E. The covariant 
pure spinor line bundle corresponding to a Lagrangian subbundle L d E 
is defined analogously, {L) = {X £ A'TM \ Ih^ {e)X = 0, Ve e L}. 

Example 1.11. Let tt G A^TM be a bivector field and consider the 
associated map tt" : T* M -s- TM which takes (, G T'M to tv{^, •) G 
TM. Its graph Graph (tt") = {(^"(0,0 I C ^ T*M} is a Lagrangian 
subbundle which is integrable if and only if tt defines a Poisson bracket on 
M. As Example 11.31 the corresponding covariant pure spinor line bundle 
?7v (Graph (vr")) has a nowhere vanishing section e~'^ . 
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Under the assumption that M is orientable, the contravariant and co- 
variant representation of Cl{E) are isomorphic. Indeed, let 1/ he a, section 
of determinant bundle det(T*A/). Define 

T^: A'TM — > A*T*M 

X I — > IxV- 

One has 

o Hv = nv o (1.19) 

In general, fly and IIv are only locally isomorphic. 

The map J-^ is a Fourier-type transform which exchanges exterior mul- 
tiplication with (inner) derivation (see [15] for an explicit formulation of 
this analogy and also for the proof of (|1.19|l in the linear algebra setting). 
The inverse of J-",^ is 

Tp: A'T*M ATM 

a I — 5- iap, 

where p e det(rM) is such that i^p = 1. 



Action by automorphisms. Fix an isotropic splitting V for E. The 
group Aut(iJ) acts on the Clifford representation IIv as we now explain. 
Given an element A — (*I',V') £ Aut(£'), consider the associated splitting 
(see Remark ll.7|) V'^ = 'I'^^oVoi/;, and recall the identification A = 
{ip,B), given in Proposition 11.61 where V = V'* + B. 

As ^' preserves the pairing {•,•), it defines a bundle map Cl(^) : 
Cl{E) — >■ Cl{E) covering tp, which is a fibrewise algebra isomorphism 
(on generators e £ E, it is just itself). A straightforward calculation 
shows that Cl{'i/) intertwines the representations IIv and IIva, i.e. the 
diagram 

Cl{E) "^"^ > End(A*r*M) 

c;(*)| |(v<-i)*o( . )o^* 

Cl{E) > End(A*r*M) 

commutes for all a G C'l{E). 

Define a bundle isomorphism T,a '■ A'T'M — s> A*T*Af, covering ip, by 

Ea = (^-')*oe-^. (1.21) 

Note that if A preserves V, then Sa is just (-i/)"^)*. 

Using formula 1)1. 15|) to relate H^a and IIv, one obtains 

EAonv(-)°SA' =nvoC/(*)(-). (1.22) 

The map (|1.21|) induces an action of Aut(£') on r(A*r*M). This action 
was first introduced in 18 , where it was used to define an equivariant 
cohomology associated to any exact Courant algebroid. We refer to [TS] 
for more details (in particular, for the question of how Ea depends on V). 
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Remark 1.12. By equation (|1.22p . if if e T{a'T*M) is a pure spinor, 
then Ea((^) is also a pure spinor and 

AAv(Ea(v5)) = *(A/'v(v')). 

In particular, leaves invariant if and only if Ea preserves the 

pure spinor line generated by if. 

Example 1.13. Consider the canonical Lagrangian subbundle p*T*M C 
E. By Example [Til Uv{p''T*M) = det(r*M). For any A € Aut(B), one 
can directly check that EA(det(T*M)) = det(T*M), which implies that 
A preserves p*T*M. 

The associated infinitesimal action of Der(_B) on T{a'T* M) is given 

by 

{X,B) - Q = Cxci + B Aa, 

for iX,B) € BeT{E) and a £ r{T*M). 

In the covariant case, the element A = (^,■0) G Aut(iJ) acts on 
X € A'TM by Ea (X) = ^*{i^-B X). If ip preserves a volume form 
v £ det(r*M), then the isomorphism Ti, (|1.18|) intertwines E^ and Ea- 

2 Generalized Reduction. 
2.1 Isotropic lifted actions. 

Let E be an exact Courant algebroid over M and G be a compact, con- 
nected Lie group acting on M. For g £ G, let ipg £ Diff(M) be the 
corresponding diffeomorphism. 

Definition 2.1. '61 A G-lifted action on _B is a pair {A, x), where A : G ^ 
Aut(ii') is an homomorphism and x • ~^ r(i5) is a bracket preserving 
map satisfying: 

(1) for g £ G, the corresponding automorphism Ag covers tpg; 

(2) the infinitesimal action p : g — !> Der(i5) associated to A admits a 
factorization 

— ^ Der(£) 
ad 

r{E) 

The G-lifted action (A, x) is said to be isotropic if 

{x{u),x(u)) =0, yueg. 

An isotropic splitting V : TM — 5- i5 is said to be G-invariant if Ag 
preserves V, for every g £ G. By compactness of G, there always exists 
G-invariant splittings for E. 

Example 2.2. Let H £ 0,^{M) be a closed 3-form. The map 

A:,.a^A.^{^*f ^,?_) ,..1, 
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takes value in Aut(TM, [•, -Jh) if and only if H is invariant. In this case, 
A defines an homomorphism. The infinitesimal action p : g — >■ Der(TAf) 
corresponding to A is given, for Y + rj £ T{TM), by 

p{u){Y + r?) = [uM, Y] + CumV, 

where um is the infinitesimal generator of the G-action on M correspond- 
ing to M G g. The existence of bracket preserving map X '■ 3 ^ T{TM) such 
that p = adox is equivalent to the existence of a linear map ^ : g — > (Af ) 
such that 

(i) p{u) = luM + ■] d^u) - iu,,H = 0); 

(ii) i{[u,v]) = C^Mi{v), 

for every u, v £ g. In this case, = "Wm + iiu). Furthermore, 

(x(^))X('")) = if and only if 

(iii) = 0. 

Following [20] . we call Q ^ Q}{M) the moment one-form for (A,x)- 
Remark 2.3. By choosing a splitting V for E, any isotropic G-lifted 
action {A,x) corresponds to an isotropic G-lifted action (^v,Xv) on 
(TM, [■, -Ih), where H G Sl^(Af) is the curvature of V. It follows from 
Proposition 11.61 that if V is G-invariant, then (.4v,Xv) is of the form 
considered in Example 12.21 If : ^ Q}{M) is the moment one-form 
corresponding to Aw, then 

X(u) = VMM +p'Cv(ii), Vu G 0. (2.2) 

Moreover, 

(,w+b{u) ^ iw{u) - IumB, u e (2.3) 
is the moment one-form corresponding to Aw+b, for B G Q?{M). 

Equivariant cohomology. We follow 6 to give an interpretation of 
conditions (i), (ii) and (iii) of Example 12.21 using equivariant cohomology. 
Let 

be the Cartan model for the equivariant cohomology of M (see [H]). As 
usual, we think of 5'(g*)®f2(Af) as the algebra of f2(Af)-valued polynomial 
functions on g. If P = Q ® a is a homogeneous element, then 

P{u) = Q{u)a; 

it is invariant (i.e. belongs to flciM)) if and only if 

Q{Ad,{-))ip;-,a = Q{-)a, "igeG. 
flciM) is a differential graded algebra where the grading is given by 

^g{M)= (5''(g')®n''(A//))^ 

and the differential da : 0.2;{M) ^ n'^+\M) is defined by 

(doPKu) = d{P{u)) ~ i^,AP{y^))- 
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Proposition 2.4. ^] Let H £ fl^{M) be a closed form and let A be the 
map (|2.ip . There exists a map X • C ~^ r(TM) such that {A,x) defines 
an isotropic G -lifted action A on (TM, |-, -lir) if and only if there exists 
^ e 5^(0*) ® n\M) such that H + ^ € ^g{M) and daiH + 0=0. In 
this case, ^ is the moment one-form of {A, x) ■ 

Proof. Note that if + 5 £ Q,q{M) if and only if H is invariant and ^ ; — > 
fl^{M) satisfies 

C(Ad,(.)) = ^;C(-)- 

By clioosing g — exp(tu), for u £ q, and taking derivative at t = 0, one 
obtains equation (ii) in Example 12.21 Now, the equation dci^H + = 
breaks down into 3 equations in degree 4, 2 and 0, 

dH = 0; 

d£,u - iuMH = 0; 
iui^^^u = 0, 

respectively. The result now follows from the discussion in Example 12.21 

□ 

The next lemma (proven in Lemma 8 of [211) simplifies the description 
of an isotropic G-lifted action. 

Lemma 2.5. Suppose that G acts on M freely. Let H £ Q?'{M) be a 3- 
form and€_ € 5^ (e*)®^^ (M) such that H+(, £ 0.%{M). If dGiH+^) = 0, 
then there exists an invariant 2-form B € f2^(M) such that 

iuM^ — £,u, Vii e 0. 

In this case, H + dB = + ^ + dcB is a basic 3-form. 

In what follows, we will extend a bit our setting by considering a 
submanifold A'' of M on which G acts freely; denote hy j : N ^ M its 
inclusion. 

Definition 2.6. Let [A, x) be an isotropic G-lifted action. An isotropic 
splitting V : TM E is said to be (A, Xy ^) -'admissible if it is invariant 
and the moment one-form Cv : — 0^{M) of (^v,Xv) satisfies 

rCv = (2.4) 

The next proposition shows that admissible splittings always exist. 

Proposition 2.7. Let (A,x) be an isotropic G-lifted action on E and let 
N G M be an invariant submanifold on which G acts freely. If S/ is a 
G-invariant splitting, then there exists an invariant 2-form B £ Q?'{M) 
such that V + B is {A, Xi N) -admissible. 

Proof. Let H be the curvature of V. Consider : — >■ ^^(M), the 
moment one- form corresponding to (.4v,Xv). By Remark 12.31 together 
with Proposition 12.41 one has that 

j' {H + ^v) e nUN) and daif {H ->r ^v)) = 0. 
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Hence, by Lemma[2]5] there exists an invariant 2-form on A'^, Bo G fl^(N), 
such that 

iiijv-Bo = i*?v(u), Vii e 0. 

Let B G fl^{M) be an invariant extension of -Bo (e.g. obtained by choosing 
an equivariant tubular neighborhood of A'^) and consider V + B. It is an 
invariant isotropic splitting and, by equation (12.31) . for u G g, 

f^v+B{u) = j*{S,v{u) - iuMB) = j*Cv(w) - iu^Bo = 0. 

This shows that V + B is (A, x, A'')-admissible. □ 

Consider the complex of differential forms which are basic up to re- 
striction to A'^: 

Obas,N{M) = {q G n{M) I j*a is basic}. (2.5) 



Proposition 2.8. The space of (A, Xy -splittings is affine over il,l^g j^{M). 
Moreover, for a given {A, -splitting V, its curvature H belongs to 

nts,N{M). 

Proof. The first statement follows from equations (|2.3p and (|2.4p . As for 
the second, let Cv : — fi^(A/) be the moment one-form of (^v,Xv). 
Apply f to 

iu^H - dCv(u) = 0, Vii G 0. 

The result follows from the fact that j*Cv('") = 0, as V is (^, x, A'^)- 
admissible. □ 

2.2 Reduction of Dirac structures. 

Let E be an exact Courant algebroid over M and G a compact, connected 
Lie group. At the outset, let us fix an isotropic G-lifted action (.4, x) on 
E and suppose we are given an invariant submanifold of M, j : N ^ M, 
on which G acts freely. For x £ N, define 

= {x{u){x) I u G 0}+p*(Ann(T,Ar)) C E^ (2.6) 

Lemma 2.9. ,'7/ K is an equivariant isotropic subbundle of E\m ■ 

For a proof, we refer to Proposition 2.3 in j7j (note that in their case, 
N = /i~^(0), where : M is an equivariant map and f) is a 0- 

module. With this in mind, the proof is exactly the same). Note that, as 
Ag preserves (■, ■), for all g £ G, is also equivariant. 

Remark 2.10. If we are given a (^, x, A')-admissible splitting V, then, 
by dm), 

K = {VuM I u G 0}|]v ep*(Ann(rA/-)) 

Using the isotropic subbundle K, we can define an exact Courant 
algebroid over the quotient manifold M^ed = N/ G. 
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Theorem 2.11 (Bursztyn-Cavalcanti-Gualtieri [Q). Let Ered be the bun- 
dle over Aired defined by 

Ered = ^ ^ G. 

The bilinear form (■, ■), the anchor map p : E ^ TM and the bracket [•, •] 
on r(i5) induce a bilinear form (■, ■)red, ctn anchor Pred ■ Ered Mred 
and a bracket on r(Ered) which turn Ered into an exact Courant algebroid. 

It is exactly inside Ered where the reduced Dirac structures wiU be 
found. 

Theorem 2.12 (Bursztyn-Cavalcanti-Guahieri [6]). Let L C E be an 

invariant Dirac structure. If L\n has constant rank, then 

Lred = — ^ j G <Z Ered (2-7) 

defines a Dirac structure. 

The main purpose of this work is to understand the relation between 
the pure spinor line bundles of L and Lred- For this, we shall need a better 
description of Lred- First, let us describe the anchor pred and the bilinear 
form (•, -)red- Let q : N ^ Mred be the quotient map and x £ N. For 

€ K^, let [k-^ + K] denote its G-orbit in Ered\q{x)- For k^, A;^ £ 
and 77 G T*,^^-fMred, one has 

{[k^ + K], [ki + K])red = {ki,ki) (2.8) 

and 

P*redV=lp'd<ltv + K]. (2.9) 

Remark 2.13. For (|2.9|) to make sense, one should choose a right splitting 
for 

— )■ Ann (T^N) ^ T*M ^ T*N — y 

in order to consider dq'r; as an element of T*M. Note that (|2.9p does 
not depend on this choice, as any two splittings differ by an element of 
Ann(ra;A'^) and p* Ann{TxN) C K. In the following, we shall implicitly 
assume such a right splitting is chosen. 

Fix a (^, X, A^)-admissible splitting V for E and note that \/(TN) C 
K-'-. Indeed, let X G TN and Cv : £1 — 5> il^{M) be the moment one-form 
of (^v,Xv)- A general element k £ K has the form (see (|2.6p '). 

k = VuM +P*(Cv(m) +ri), 

for It G and ri G Ann(rA''). Hence, 

(VX, k) = ( VX, VuM + P* (Cv (n) + ri))=ix (Cv {u) + r;) = 0, 

asi*(Cv(it)+r7) = 0. This proves that VX G A"-^. Define Vred : TAfred ^ 
Ered by 

V,ed dq{X) = [VX + K],X£TN. (2.10) 
Lemma 2.14. Vred is an isotropic splitting for Ered- 
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Proof. We have to prove that pred ° Vred = id and VrediTMred) is a 
Lagrangian subbundle of Ered- For this, let x £ N, X £ T^N and r] G 

Vidq^X)) = {p'dq'T], VX) = {[p*dq*r^ + K], [V X + K])r,d 

= {PredV,^reddq^{X)) 
= rj{pr^d°yreddqx{X)). 

As and X are arbitrary, it follows that Vred ° Pred = id. The fact that 
^red{TMred) is isotropic is a direct consequence of (|2.8p and (|2.10p . □ 

Remark 2.15. By Proposition 12.81 two (.4, x, -^)-a'dmissible splitting 
V\ differ by a 2-form B £ jv(Af). In this case, 

^ red ^ red ~t~ -f^red; 

where Bred £ f^^(Afred) is such that q* Bred = j* B. Also, the curvature 
of Vred is the 3-form iifred £ Sl''(Mred) such that q* Hred ~ j*!!, where 
H G fq{M) is the curvature of V (for a proof, see Proposition 3.6 

and the discussion after Proposition 3.8 in [B]). 

We are now able to give an alternative characterization of Lred for 
L C E an invariant Dirac structure. For x £ N , define 

^j{Lx) = {X + dj:peTxN I VX+p*/3gL4. (2.11) 

Proposition 2.16. Let x £ N and Y + ri £ T,(^)Mred- For a (A, x, N)- 
admissible splitting V, one has that 

VredY+p:^,V^Lr.,Ux,^3X£nNs.t. { ^;:;|fj^23^.(^^). 



Proof. The proof follows from a straightforward application of the relevant 
definitions. Let X' £ T^N such that dqx[X') = Y . From the definitions 
of Pred (|2.9p and Vred (|2.10l) . one has 

V redY + pl^^ri = [V X' + p' dqlri + K]. 

From the definition of Lred (|2.7I) . it follows that 

VredV+Pred £ Lred\q(x) 3k £ Kx such that \/ X' +p* dq*rj+k £ Lx. 

By ((231), k = Vum\x +P*(?v(u)U + where u £ g, a £ Ann{TxN) 
and Cv : ^ r2^(M) is the moment one-form of (^v,Xv)- Define X = 
X' + um{x) and P = dq^r] + Cv(w)U + a G r*A/. Then, 

VX+p*/3 = VX' +p*dq*xTj + k £ Lx. 

Now, observe that (iga;(X) = dqx(X') — Y. Also, as both a and Cv(w) 
belong to Ann (TxN) (because V is {A, x, A'^)-admissible), one has djxP = 
dqxV- □ 
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Remark 2.17. Proposition 12. 16l allows us to relate the reduction proce- 
dure of [B] with the one developed by P. Xu and M. Stienon in . Indeed, 
using a {A, x, A'^)-admissible splitting V to identify E with TM and Ered 
with TMred, Proposition 12. 16l shows that Lred is the same reduced Dirac 
structure as defined in 26 . 

We finish this subsection by providing an interpretation of Proposition 
12. 161 using the notion of forward Dirac map. 

Definition 2.18. [SJ Let Mi, M2 be manifolds and Hi £ n^{Mi), i = 1, 2, 
be closed 3-forms. Let Li G (TMi, [■, -Jij.), i — 1, 2, be Dirac structures. 
A map / : {Mi, Hi, Li) — > {M2, H2, L2) is said to be forward Dirac map 
if , for a; e Ml , 

i2|/M = {d/4X) + r?eTy-(,)Af2 | X + df:7j £ Li\^}. 

We further assume that f*H2 = -ffi. 

Given L C -E an invariant Dirac structure, we choose a {A, Xi -^)- 
admissible splitting V with curvature H £ ^1^{M). If '•Sj{Lx) is smooth 
as a vector bundle, it defines a Dirac structure with respect to the j* H- 
twisted Courant (see [12]). It is called the restriction of L to N. In this 
case. Proposition I2.16l savs that 

q : {N,fH,^j{L)) (Af,,d, H,ed, 3>V„, (ired)) 

is forward Dirac, where Hred £ ^^{Mr^d) is the curvature of Vred and 
"I>Vred • Ere.d — >■ TMred is the identification (|1.5|) . 

3 Reduction via pure spinors. 

Let E be an exact Courant algebroid over M and G a compact, connected 
Lie group acting on M. As usual, we consider an invariant submanifold 
N C M on which G acts freely and an isotropic G-lifted action {A, x) 
on E with inclusion j : N ^ M and quotient map q : N ^ Mred- Let 
L C B be an invariant Dirac structure. Throughout this section, we fix 
this reduction setting and proceed to investigate the relation between the 
pure spinor line bundles of L and Lred. 

3.1 Interlude. 
3.1.1 Linear algebra 

Fix a [A, X, A'^)-admissible splitting V and let x £ N. We begin by giving 
a more detailed description of UviLx)- Let Sx C T^M be the image of 
Lx under the anchor map p. Define ujs G A'^^* by 

ojs{X,Y)=^{Y), (3.1) 

where ^ £ T*M is such that VX +p*(, £ Lx- The fact that L is isotropic 
implies that uj is antisymmetric. 
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Remark 3.1. Definition (|3.H) does not depend on the choice of ^. This 
follows from the fact that, for every p*r; £ Lx C\p*{T*M), 

r){Y) = Q, £Sx. 

Proposition 3.2. JIl]' iei / G det(Ann(5^)) C A'T*M. One has 

that 

<Px ^e'^ AO. (3.2) 

is a non-zero generator of U\/{Lx), where to £ /\^T*M is any extension 
ofcus- 

Note that as L is isotropic, we have 

Ann (5,) = Lxnp*{T:M). (3.3) 

In the covariant case, there is a analogous description of {L^) ob- 
tained by exchanging T^M with TxM. In this case, the covariant pure 
spinor line of Lx is generated by e~'^ A X, where tt G A^T^M is a bivector 
and / X e det(L:, n WT^M). 

We are now able to relate the pure spinor line bundles of L and Lred 
at the linear algebra level. Recall the isotropic subbundle K d E\m (|2.6p 
associated to the isotropic G-lifted action {A,x)- 

Theorem 3.3. Let V be a {A, Xj N) -admissible splitting. For (px £ 
Uv{Lx), 

e°x ■- dqx o Tfidj'ipx) j^0<^ LxDKx ^0, (3.4) 

where J^p : A'T*N A'TxN is the star map H1.20p corresponding to 
p £ det(TrA''). In this case, 9^ is a generator of the covariant pure 
spinor line U^^^^{Lred\q{x))- 

We need a lemma first. Recall the definition (|2.1ip of ^j{Lx) C TxN. 

Lemma 3.4. Let V : TM E be any isotropic splitting for E. For 
^x £ Uv{Lx), one has 

dfxVx / ^ np*(Ann(r,iV)) = 0. 

In this case, djxfx is a generator of the pure spinor line U{''Sj{Lx)) ■ 
We refer to Proposition 1.5 in ,1; for a proof. 

Proof of Theorem \3.3[ Let us first suppose that dj%ipx 7^ 0. By (|1.19|) 
and Lemma H3.4|) . Ff{djx^x) is a covariant pure spinor for ^j{Lx)- So, 
^vidfx-f^) = e"'' A X, where X £ det(<8j(L^) n TxN) and tt £ A^TxM. 
Hence, 

e°x = dqx o Tp{dj*x^x) = O d(j:,(X) = <^ "SjiLx) n ker(dg,) / 0. 

By the definition of «8j(L^) (pUj) . X £ %j{Lx) n ker(dg:,) if and only if 
there exists /3 £ Ann(rj;iV) such that VX +p*/3 £ Lx- Therefore, 

C = <^ n (Vkerdg, +p*(Ann (T^iV))) 7^ <^ n A'^, / 0, 

where the last implication follows from Remark 12. 101 because we are as- 
suming V to be {A, X, Af)-admissible. Now, let us show that the assump- 
tion that djxffix 7^ is superfluous. If 6x 7^ 0, then djx'^x 7^ and 
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the argument above implies that Lx fl Kx = 0. On the other hand, if 
Lx n Kx = 0, then, in particular, Lx V\ p* Ajm{TxN) = which implies, 
by Lemma 13.41 that dj*ipx 7^ 0. Again, the argument above proves that 
0^ 7^ 0. This concludes the proof of p.4p . 

To prove that ^ 6x generates U\r^^^{Lred), let {Y,r]) G Tq^^fMred 
such that e :— VredY + Pr^dV £ ^red- By Proposition 12.161 there exists 
X e TxN such that {X,dq*r]) £ «8j(L^). Therefore, 

op op op op 

nv„d(e)6'a, =YAe^+ir,0x =dqx{XATf{dj^ipx)+idq'^r,Tp{dj^ipx))^0, 

as Tp{dj*ipx) is a covariant pure spinor for ^j(Lx). This proves that 9 J 
belongs to U^^^^^{Lred\x) as we wanted. □ 

In order to obtain a contravariant pure spinor corresponding to Lred, 
we have to choose, besides p G detT^jA^, an element v G det{T*f^^^Mred)- 
In this case, 

Ox = Ti,{0^) = J"^ o dqx o Tf{dj*ipx) G A'T^j^jM^ed 

is a contravariant pure spinor for Lred\q(x), where J> : A'Tq^^^Adred — > 
A*r*(^)A/red is the Fourier-type map (jl.lSp . Consider 

det(r,iV) ®det(r;(^)M,ed) End (aT*A, AT^f^jM^^d) 

(p, i^) I — > Tv o dqx o J"p . 

Under the isomorphism between det(ra; A)®det(r*(^jMred) and det(kerciqa;) 
given by 

^®v^&x~ (-l)"<"-'-'.Fp(dg», 

where n = dim(A) and r — dim(G), ° dqx o Tp corresponds to a map 
Cs^ given only in terms of ix- To see the expression of C*^, fix a ba- 
sis . . ,5"} of r*7V such that . generates Ann (ker dg^,). 
Any element of A'T*N is a sum of forms of the type 

dq*aA(,', I ^ {ii < ■ ■ ■ < ik} C {n - r + 1, ■ ■ ■ ,n}, a £ T*(^)Mred- 

The map J> o dqx o Tp is equal to 



q'a A I — > I 



Ci, : AT*A A'Tq^x)Mred 

0, if J/{n-r + l,-- - ,n} 

{i^iSx)ot, if / = {n - r + 1, ■ • ■ ,n}. 

(3.5) 

For future reference, we state the contravariant version of Theorem 

m 

Theorem 3.5. Let V be a {A, Xj -admissible splitting. For (px G 
UviLx), 

Ox = Cs^ (djx'Px) j^O^ LxDKx =0, 

where Cs^ : A'T*N — > A'T*f^^^Mred is the map 1)3. 5|) corresponding to 
5x G det(ker(dga;)). In this case, Ox is a generator of the contravariant 
pure spinor line Us/ ^^^{Lrad\q(x)) ■ 
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3.1.2 Push-forward. 



As G acts freely on TV, the quotient map q : N ^ Mred is a G-principal 
bundle. By assumption, G is a compact, connected Lie group and, there- 
fore, we can consider the push- forward map 

g. : ^(iV) ^ n{Mred). 

We recall its definition. Let U C Mred be an open set such that N\g-if^u^ is 
trivial and let pr^, : A'^|q-i(;^) — )■ G be the projection on the fiber. Locally, 
any differential form on A'^ is a sum of two types of differential forms: 



f q* P ApTqI/, where /3 £ Q{Mred) and 



uen^G), type (I); 

1^ en''{G), k <r, type (II) 



with / e C°°{q'^{U)) and r = dim(G). The push-forward q, : n{N) 
Q,{M,.ed) is locally defined by 

f*r,^ . ^/ {lGfi-^9)ry)l3, if a is type (I); 

10, if Of IS type (II). 

Alternatively, one can see the push-forward map as a composition 

n(A) ^ riq* A* T'Mred) A ^}{Mred). (3.7) 

The first map is induced by the bundle map Cs : A'T*N q* A* T* Mred 
defined pointwise by (13.51) . where 5 £ r(det(ker dg)) is the image of some 
fixed element 5^ £ A' g under the natural extension 

u : A'fl ^ r(ATA) (3.8) 

of the infinitesimal action v : q ^ T{TN). The second map is defined 
locally as 



«, c^eV{A'T'Mred\u), f £C°^{q~\U)), 



where v G det(r*G) is the left-invariant volume form such that isg v (e) = 
1. 



3.2 Main Theorem 
3.2.1 Transversal case 

Recall the reduction setting fixed in the beginning of §3 and consider 
an invariant splitting Vo : TM — )■ E. Define a G-action on l\'T*M 
by composing A : G Aut(i5) with the (Vo-dependent) action E : 
Aut(£;) End(A*r*M) defined by (fOTj) . As Vo is invariant, this G- 
action on f\'T*M is just the pull-back by <^*-i, g £ G. The fact that L 
is invariant implies that Uvo(L) is G-invariant (see Remark ll.l2p . 
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Theorem 3.6. Let ip be a nowhere-zero invariant section of U^g{L)\N 
over an invariant open set V C N. For any invariant 2-form B £ r2^(M) 
such that V — Vo + B is {A, x, N) -admissible, 

•Pred = q* o j* (e^ A if) (3.9) 

is a section of Uv^^^i^red) over V/G. For x £ V, (pred\q{x) — <^ 
Lx n Kx 7^ 0. In particular, if L\n H K = 0, then fred is nowhere- zero. 
Moreover, if Bi,B2 £ Q'^(M) are two such forms, then 

V'red = A iPred, 

where B £ f2^(M,.ed) is such that q*B = j*{Bi — B2). 

Remark 3.7. The existence of an invariant two- form B £ fi^{M) such 

that V — Vo + -B is (.4, x, A'^)-admissible is guaranteed by Proposition [2T71 

Proof. First note that, by (|1.16[) . A (p is an invariant nowhere-zero 
section of Uv{L)\n over V. Now, choose Sg £ A'^g and consider its image 
5 £ r(det(ker(dg))) under the extension (|3.8p of the infinitesimal action 
w : e V{TM). Let Cs : A'T'N q* A* T* Mred be the associated map 
given pointwise by (|3.5[) and consider the section 9 of the pull-back bundle 
q* A* T*Mred over V defined by 

dx^Cso djl{e'^ A ifx) £ A*r,(^)M^ed, 2: £ V. 

By Theorem[331 Ox £ Uv ,,ALr^dU(x)) and Ox ^ Q ^ Lx (^ Kx ^ Q. The 
result will follow if we prove that ipred\q{x) ~ ^Sx, for some A £ R\{0}. 
For this, note that if 6y = 9x, for y and x in the same G-orbit, then, by 
(EH), 

fred\q(x) = '^)\q{x) = h{0)\q(x) = (^j 

where is the left-invariant volume form on G such that is^v^{e) — 1. 

To prove that s h> is constant on G-orbits, let us first relate Sy and 
5x, for y = tpq{x), g £ G. By the well-known formula, 

"^Miv) = dipg{Adg-i(u))M{x), 

it follows that Sy = dtlig (Sx), where S £ r(ker(dg)) is the image of 

Sg ~ Adg-i(Sg) = det{Adg^i)Sf, £ A^'g 

under the natural extension p.Sp of the infinitesimal action. As G is 
compact and connected, det{Adg-i) — 1. Therefore, 

6y = dVs (Sx). (3.10) 

The result now follows directly from the definition (|3.5|) of Cs. and from 
the relation ipy — d^*_iipx. 

Let Bi,B2 £ Q'^{M) be two- forms such that Vi = Vo + Bi and 
V2 = Vo -I- B2 are {A, x, )-admissible. By Proposition Bi - B2 £ 
^bas,jv(-^^) (|2.5p and, therefore, there exists B £ Q'^(Mred) such that 
q*B = fiBi ~ B2). Hence, 

(^1 = o j*(e^i A v?) = g,(e^*'^i-^=' A j* {e^'' A (p)) = A(y32. 

□ 
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3.2.2 Non-transversal case. 



To have a completely general description of the pure spinor line bundle 
of Lred, we have to tackle the case where L|jv n if has non-zero constant 
rank. We cannot apply Theorem 13.61 directly in this the reduced 

pure spinor will be identically zero. We give a simple example illustrating 
this. 

Example 3.8. Let be a foliation on M and consider a submanifold A'^ C 
M. By considering a trivial Lie group G = {e} acting on M and the Dirac 
structure Ltf (see Example 1 1.4p . these data fit into our reduction setting. 
The isotropic subbundle K C TM|jv (fO)) is just Ann (TTV) and Ltf n K 
has non-zero constant rank if and only if the foliation T intersects cleanly, 
but not transversally, with A*". For any (p £ U{Ltt) ~ det(Arm (TJ^)), 
formula p.9p gives 

which is identically zero as Ann {TiF) n Ann (TN) ^ 0. Observe that, 
in any case, the reduced Dirac structure is well-defined: [LTT)red = 
Ltthtn- 

Our approach to circumvent this problem of non-transversality is to 
pertub our original Dirac structure to obtain the transversality condition 
L\n n if = in such a way that the reduced Dirac structure remains the 
same. Let us begin by proving a useful Lemma. 

Lemma 3.9. If L\mC[K has constant rank, then there exists an invariant 
isotropic subbundle D (Z E\n such that 

(LlNnK)^ ®D = E\n. 

Proof. For simplicity, call Kl ~ L\Mr]K. By assumption, it is an invariant 
isotropic subbundle of E\m- As G is compact and preserves (•,■), there 
exists an invariant subbundle F C E\n such that Kj; (B F = E\n- As 

= {Kt (BF)^ = KlHF-^, 

the bundle map (■,■)" : Kl — >■ F* given by {■,-)^(k) = (fc, is an 
isomorphism. Let A : F ^ Kl be the composition 



It clearly satisfies {Ae,k) = {e,k}, for (e, fc) £ F Xm Kl- Hence, for 
(ei, 62) £ F Xm F, one has 

(ei - i^ei, 62 - ^Aci) = (ei, £2) - i((ei, y4e2> + (Aei, 62)) = 0. (3.11) 

Define D = {e — \Ae \ e € F}. By p.ll|) . it is an isotropic complement 
to Kl as we wanted. It remains to prove that D is invariant. For g £ G, 
let Ag = (*9,iA<,) G Aut(£;) and x e N. For ei G Fr, £2 G ^^^(j:), it 
follows from the invariance of F and (■, ■) that 

(A(*,(ei)),e2)= {*9(ei),e2) 

= (ei,*g-i(e2)) 

= {A(ei),vl>,-i(e2)) 

= (*,(A(ei)),e2). 
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By the non-degeneracy of the form, it follows that Ac^g = o A. This 
proves that D is invariant as we wanted. □ 



Definition 3.10. Suppose L\m H K has constant rank. A pertubation 
input for (L,K) is an invariant isotropic subbundle D C i?|jv such that 
{L\NnK)^®D = E\N. 

Note that if (L, K) satisfies the transversality condition L\n H K — 0, 
the only possible pertubation input is the zero subbundle. As the name 
suggests, we shall use a pertubation input D for {L,K) to pertub L\n in 
order to obtain a Lagrangian subbundle Ld C -B|iv satisfying 

(i) Ld is invariant and Ld H K = 0; 

(ii) LDnK-^+K = LnK^+K- 

(iii) the passage from L to Ld is computable in the pure spinor level. 
The pertubation of L|jv is defined by 

Ld —LlNnD^ +D. (3.12) 

Note that if L\n n K ^ 0, then Ld = L\n- 

Proposition 3.11. Suppose I/|]v nif has constant rank and let D C i5|jv 
be a pertubation input for {L,K). The subbundle Ld C E\n defined by 
(|3.12|) is Lagrangian and satisfies conditions (i) and (ii) above. Moreover, 
let If be a nowhere-zero section of U^[L\m) over some open set V C N , 
where V is any isotropic splitting for E. Suppose further that there exists 
a section of det(_D) over V. Then 

(^D=nv(0)(p (3.13) 
is a nowhere-zero section of Uv{Ld) overV. 

Remark 3.12. For any x £ N, the relations (|1.11[) and the fact that 
Dx is isotropic imply that the subalgebra of Cl{Ex) generated by Dx is 
isomorphic to A'Dx- In this way, we can consider det{Dx) C Cl{Ex)- 

Proof. It is clear that Ld is invariant as both L\nC\D^ and D are invariant 
subbundles of E\m. The fact that Ld is Lagrangian follows from 

Ld = [(Lliv + D)nD^]^. 

Indeed, one has 

Li = {l\n + d) n d-l = L|iv n + d = Ld. 

To finish the proof of (i), note that {L\n n K)^ n D = imphes (Ljiv n 
K) © = E\n', this in turn implies that 

Ljiv = (L|ivnA')©(L|ivnD-L). (3.14) 

So, 

-B|jv = {l\n r\K)^ + d = + l\n + d^ + {l\n n k + l\n n d^) d 

= K^+LInHK + Ld 
= K^+Ld. 
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Hence, 

by the non-degeneracy of (■,•). As for (ii), by p.l4p . 

l\n + d ^ l\n nK + l\n nD-^ + d ^ l\n nK + Ld, 

which implies that Ld + K = L\n + D + K. Thus 

LdDK^ = {Ld + K)^ = [L\n + D + K)^ C L\n n R-^. 

So, 

LdHK^ +K C LInCiK-^ + K, 

and, as both subspaces are Lagrangians, they have the same rank equal to 
dim(Af). This proves (ii). It remains to prove that <^_d is a nowhere-zero 
section of Us/{Ld)- Let x £V and {di, . . . , d;} be a basis of Dx such that 
'Ox = d; A • ■ • A di . For j = 1, . . . ,1, define 

= span{di, . . . , dj}, L^ = LxClD^^ 

and 

(p^ = nv(dj A • ■ ■ A di) (fx- 
We shall proceed by induction. For j — 1, 

tfi^ — I[\j{d\)Lpx = <4> di G Lx, 

As LxHDx = and di / 0, it follows that / 0. For any e £ LxHD^^, 
using one has 

nv(e)(^^ = (e, di) ifix - nv(di)nv(e)v3a: = 0. 

Also, 

nv(di)v3^ = Ilv{di)(fix = 0, 
as di = 2{di,di) = 0. This proves that (p^ G U\/{L^) as we wanted. 
Assume now that 7^ ip^~^ £ Uv{L^~^), for some j £ {2, ...,/}. Then 

ip" = nv(d,)v9^"' = 0<^ d, G L^"' 

<^ 3ai, . . . ,aj-i G R s.t. dj ~ Y^^^l atdi £ Lx n D^'^ 

As Lx n -Di = 0, it follows that if (p^ = 0, then dj — X]i=i cudi, which 
is absurd as {di,...,d„} is linearly independent. Hence, ip-' 7^ 0. For 
e G I/x n -D-'^, using 1)1. lip , one has 

n^{e)ip' = ELi(-l)'''(e> d.)nv(dj • • • d._id.+i • ■ • di)ipx 
+(-iynv(d,---di)nv(e)v5. 
= 0. 

For any i — 1, . . . , j , using (jLlip again and the fact that D is isotropic, 
didj • ■ • di = ( — l)^~'''""'^dj ■ ■ ■ di-\df di+\ ■ • ■ di = 0. 

Hence, 

nv(d,V =o, ViG{i,--- 

So, ip-' G UviL-') as we wanted to prove. The result follows from the 
observation that = ipD\x and L'' = Ld\x- □ 
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Remark 3.13. The map 



Uv{L\N)(E>det{D) 



Uv{Ld) 

nv(o)^ 



is a G-equivariant isomorphim, where G acts on det(Z)) via CZ(*g), for 
g £ G and it acts on pure spinor Unes as explained in the beginning of 
§3.2.1. This follows from (fl32l) 

The next example shows how this pertubation procedure works in the 
case of Example 13.81 

Example 3.14. A possible pertubation input for [Ltt, Ann(rAf)) is 
any distribution D C TM\n such that {TT\n + TN) ®D = TM\n- The 
pertubed bundle Ld is 



The distribution TT\n + D is now transversal to TN and (TJ^Iat + D) n 
TN = Tr\N n TN. The pertubed pure spinor is 



where £ det(D). Note that the contraction with kills all covector 
which lies in Ann (TA^) and, hence, j*tfD 7^ 0. 

We are now able to state our main theorem in its most general form. 
As usual, fix an invariant splitting Vo for E. 

Theorem 3.15. Suppose L\m n K has constant rank and let D be a 
pertubation input for {L,K). Let if be a nowhere-zero invariant section 
of Uv{L)\n over an invariant open set V C N and suppose there exists 
an invariant section o/det(_D) over V. For any invariant 2-form B £ 
n^(M) such that V = Vo + B is {A, x, N)-admissible, 



is a nowhere-zero section ofU^^^j^{Lred) overV/G. Moreover, if Bi,B2 G 
Sl'^(M) are two such 2-forms, then 

1 B . 2 

Vre.d = e. A If red, 

where B £ Q.'^(Mred) is such that q*B = j*{Bi — -B2). 

Proof Define (fin — nv(Ci)(e^ A(p). As A <p is a nowhere-zero section 
of U\7 (L) over V, Proposition 13.111 together with Remark 13.131 says that 
ipD is a nowhere-zero invariant section of Uv{Ld) over V, where Ld = 
L\n n + D. As Ld n K ^ and V is {A, x, A^)-admissible, Theorem 
13.61 guarantees that 

g.(j>D) 

is a nowhere-zero section of Uv^edi-^D.red), where 



Ld = (T-F|]v + D)@ Ann {TT\n + D) . 



fD = «0(^, 



(3.15) 
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Now, as Ln D K + K = L\n n + K, we have that Ln.red = Lred- 
The result now follows from (see p.lSp ) 

ifiD = A IIvo ('')¥'■ 
The last statement follows directly from Theorem 13.61 □ 

Remark 3.16. Under the assumptions of Theorem 1 3. 151 if Di, D2 C E\n 

are pertubation inputs for (L, K) and di £ det(-Di) is an invariant section, 
for i — 1,2, then 

(?* oj*{e^ Anvo(''i)v) = /g. oi*(e^ A nvo(''2)v5), 

where / £ C°°{Mred) is such that q* f — det(pr^^|Dj) and pr^^ • E\m ^■ 
D2 is the projection along L\n C] K. 

4 Applications. 

4.1 Generalized Calabi-Yau reduction. 

Let i? be a Courant algebroid over M and consider its complexification 
Ec = i? (g) C. By extending C-bilinearly both the metric and the Courant 
bracket, we can study the Lagrangian subbundles of Ec whose sections 
are closed under |-, -Jc- We call such Lagrangian subspaces complex Dirac 
structures on M. 

Definition 4.1 (M. Gualtieri [TJ, N. Hitchin[T5]). A generalized complex 
structure on M is a complex Dirac structure L C Ec such that 

LnL = 0, (4.1) 

where L is the conjugate subbundle. A general Lagrangian subbundle L C 
Ec such that (|4.H) holds is called a generalized almost complex structure. 

A generalized almost complex structure L C Ec on M can be equiv- 
alently described (see |13l I14j ) by a bundle map J : E — >■ E such that 
J'^ — —Id and {J'-, J-) — (•,■)• Under this description, L is the +i- 
eigenbundle of J, 

L = {e - ije \ e e E}. (4.2) 
The integrability of L is equivalent to 

lJei,je2] - [61,62] - :^([j6i,62] + [6i,:762l) = 0, V6i, 62 G r(£;). 

It is straightforward to extend the definition of pure spinor line bundle 
for the case of a generalized complex structure L so as to have a complex 
line bundle Uv{L) C A'T'M (g) C over M. 

Definition 4.2. A generalized Calabi-Yau structure on M is an almost 
generalized complex structure L C Ec such that Us/{L) has a global 
nowhere-zero section tp such that 

du'P = 0, (4.3) 

where H £ Q^{M) is the curvature of V and du is the _ff- twisted differ- 
ential. 
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Remark 4.3. Note that Equation (|4.3p implies that L is integrable be- 
cause of (|1.17|l . 

Example 4.4 (O [Tg]). Let J : TM ^ TM be an almost complex 
structure on M &nA H £ ^li{M). Consider J : TM -> TM given by 

"V (") 



J* ^ 

The corresponding almost generalized complex structure H4.2|l is 

i = ro,i®Ann (To,i) 

and its pure spinor line bundle is A'^'^r'Af. L defines a generalized Calabi- 
Yau structure if and only if the canonical line bundle A"'°r*M has a 
global nowhere-zero closed section and H £ Q?''^{M). This implies that 
J is integrable; moreover, both and H are holomorphic. 

The next example shows how a symplectic structure can be seen as a 
generalized Calabi-Yau structure. 

Example 4.5 f'14l I16p. Let (M, cj) be a symplectic manifold. Define 
J : TM -s> TM by 

The corresponding Lagrangian subbundle (14.21) is 

{X + iuji{X) I XGr(rM)®C}; 

its pure spinor line bundle is generated by e~"^ G r(A*r*A'f) ® C, which 
is nowhere-zero and closed. 

In Theorem 12.71 is extended so as to encompass complex Dirac 
structures L C Ec- More specifically, li L\m niCc has constant rank, then 

^ _ L\Nr\K^ +Kc / „ 

J^red — 77 / 

defines a complex Dirac structure on (-Ec)red, where Kc = A' ® C is the 
complexification of the isotropic subbundle (|2.6|l . It is also proven in [B] 
(see Lemma 5.1 therein) that if L is the -|-i-eigenbundle of a generalized 
complex structure J : E ^ E, then 

Lred n Lred ^O^JKHK^CK. (4.5) 

In what follows, fix an invariant generalized Calabi-Yau structure 
L C Ec on M which is the -|-i-eigenbundle oi J : E ^ E and a {A, Xi N)- 
admissible splitting V. We now study conditions on L which guarantees 
that Lred is a generalized Calabi-Yau structure on Mred- A general theo- 
rem in this respect should address two questions: 

(1) Does Uvrcdi^red) havc a nowhere-zero global section fred^ 

(2) Is If red closed Under the //red-twisted differential dn^.^^^ 

With respect to the first question, we have the following proposition 
relating the first Chern classes of U\j(L) and U^^^^{Lred)- 
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Proposition 4.6. Suppose L\m H Kc has constant rank. The Chern 
elasses ofUv{L) and Uvr,idi-^red) are related by 

ci{Uv,.,ALred)) ^ ci{Uv{L\n)/G) + ci{Aet{L\N n KcT /G). (4.6) 

Proof. Choose a pertubation input D C -Ecliv for [L,Kc). Let {Wq} be 
a open cover of Mred such that U\/{Ld)/G is trivial over each Wa. By 
choosing invariant sections ipa £ r(f^v(io)lq-i(WQ))' corresponding 
cocycle Qa^ : q~^{yVa n Wp) — > C* satisfies 

gafj = gaf) o q, 

where {gap} is a cocycle for U\/{Ld)/G. By Theorem 13.41 one has that 

fa, red q*{j*ipa) 

is a nowhere-zero section of Uvr-^^i^red) over Wa. Hence, over Wa r\Wp, 

fa. red = q*{f'Pa) = q* {q* (jail j* f /l) = q,ij*fp) = ffo/S 1/5/3, red, 

which proves that {gap} is also a cocycle for Us/,.^^[Lred)- For a partition 
of unity {pa} subordinate to {Wq}, one has 

Cl((7v,,d(-£'red)|Wo = -'2^^ci(P7'^logP7a) = Cl ([/v (I/D ) /G) | Wq • 

7 

This shows that c-i{Us/^^j^{Lred) = ci{U^{Ld) /G). By Remark 13. 131 one 
has that 

ciiUv{LD)/G) ^ ci{Uv{L\n)/G) + ci{det{D)/G). 

The result now follows from the fact that the map D 9 e ^ (e, •) £ 
(I/|]v n Kc)* is an G-equivariant isomorphism. □ 

Let us give an example illustrating the role of quotienting out by G in 
the right hand side of (|4.6p . 

Example 4.7. Consider M = and its canonical complex structure 
J : TM TM. Let S'^ act on M by 

e ■ [zi, Z2) = [e zi,e Z2) 

and lift the action to (TM, [•, -Jh) with zero moment one-form and H — 0. 
Consider the invariant submanifold N = S'^ and let K be the associated 
isotropic subbundle of TA/|jv given by 

K = {um I u e 5^}\n ffi Ann (TV) . 

The generalized complex structure J (|4.4p corresponding to J is S^- 
invariant, 

U{J) = A^'^T'M 

admits a global nowhere-zero closed section given hy (p — dz\/\dz2. Hence 
J is generalized Calabi-Yau. It also satisfies J^K n — 0, which im- 
plies the transversality condition I/|jv n Kc — 0. The reduced generalized 



26 



complex structure Jred is just the usual complex structure on CP^. In 
this case, Proposition 14.61 says that 

ci(A''''r*c'|s3/s') = ci(a''"t*cp'). 

As A^'°r*CP^ has non-vanishing Chern class, it follows from Proposition 
14.61 that although A^'''r*C^ has a nowhere-zero global section it does not 
admit nowhere-zero S^-inyariant sections. 

The question related to the existence of closed sections is more subtle. 
We give first steps towards answering (2). 

Theorem 4.8. 1] JK n — and U\/{L) has an invariant nowhere- 
zero dn -closed section <p, then Lred is a generalized Calabi-Yau structure. 

Proof. First note that L\n n Kc = {e - ije \ e £ K n JK}. Hence, 
JK nK-^ =0 implies that L|]v n A'c. By Theorem El 

ipred = q*ij*'p) 

is a nowhere-zero global section of t/v^^d [Lred)- Now, as d commutes with 
q, (see [3]), one has 

dHr^ifred = q,{i*dip) - Hred A q*{i*tf). 

Finally, using that q* Hred ~ j* H, one has that Hred/\q* (j*<^) ~ q* {j* {HA 
if)). Hence, 

dHrcd'Pred = qtU'dn^) = 0. 
The fact that Lred H Lred = follows from (|4.5|) . □ 

Example 4.9. In the same setting of Example 14.71 note that by consid- 
ering the invariant open set Wi — {(2:1,^2) £ | zi 7^ 0}, instead of 
the whole C^, we now have that U{J') = A^'^T'Wi has a nowhere-zero 
S^-invariant closed section given by 

ifii — ^ dzi A dz2. 
H 

The corresponding nowhere-zero closed section of U{Jred) over g(Wi) is 

q*{fv>i) = dz, 

where 2 : g(VVi) — >■ C is the coordinate 

z : [zi, Z2\ ^ — . 

Zl 

In the case J^K n 7^ 0, we have to put restrictions on the intersec- 
tion L\n n Kc. 

Theorem 4.10. Suppose L\n r\ Kc has constant rank and that Us/{Ld) 
has an invariant nowhere-zero dn-closed section tp. If JKOK^ C K and 
p : L|iv CiKc — !■ ker(dg) ®C is an isomorphism , then Lred is a generalized 
Calabi-Yau structure on Mred. 

Before proving Theorem l4.10l let us show how it recovers Nitta's result 
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Example 4.11 ([23]). Consider the isotropic G- lifted action on (TM, |-, ■]) 
of Example 12. 21 with zero moment one-form and zero 3- form. Consider an 
invariant generalized Calabi-Yau structure J : TM — >■ TM and suppose 
there exists an equivariant map /i : A/ — >■ g* (with respect to the co-adjoint 
action) such that 

JuM = rf/i", Vii G g. (4.7) 

Assume is a regular value of /i and take the invariant submanifold A'^ = 
/i"^(0). Now, (|4.7I) implies that 

n A'c = {{uM +ivM, d^''' —idfj,"") \ u, v € g}, (4.8) 

where L is the +i-eigenbundle of J. If one assumes, as usual, that G 
acts freely on fj,~^{0), then the restriction of pr^j^^ to I/|^-i(o) H Kc is an 
isomorphism over ker(dg) (g) C. Moreover, as (|4.7[) implies that JK — K, 
it follows that J'K n /S'^ = K. This is exactly the setting in which Y. 
Nitta [23] performed the reduction of generalized Calabi-Yau structures. 
We refer to [23] to see applications of his result to Duistermaat-Heckmann 
type formulas for generalized Calabi-Yau structures. 

For the proof of Theorem 14. 101 we shall need a Lemma concerning the 
push-forward map. 

Lemma 4.12. Let 9 G Q}{N,q) be a connection 1-form on N and let 
ker(S) := {X G TN | ix9 = 0}. For a basis {u^ , ■ ■ ■ ,u^} of g, consider 
the decomposition 6 — X]i=i ^iU^ , where 9i G Q^{N). One has that 6[i^r] = 
9i A ■ ■ ■ A 6r is an invariant section o/ Ann (ker(S)) and 

'?*(^[l.r]) = I 

JG 

where v G det (T'G) is the left-invariant volume form on G such that 
«u'-A...Aui'^(e) = 1- 

Proof. The fact that S[i,r] is invariant follows directly from the invariance 
off, 

r 

vle = Y^e,Adg-i{u'), g£G, 

1=1 

and the fact that det{Adg-i) — 1 (as G is compact and connected). As for 
the second statement, let U be an open set of Mred such that 7r~^(W) = 
U X G. Consider the basis {^i, . . . , ^r} of g* dual to {u^ , . . . , u' }. Define 
cti :— 9i — V^*Q^i'\ it is straightforward to check that iu^oa = 0, for 
j = 1, . . . , r and m G g. Thus, by expanding 

9iA---Aer= (^Qi + pre Cf) A ■ ■ ■ A [ctr + prj; ) , 

we see that 

6i A ■ ■ ■ A 9r = pTq V -\- forms of type (//) 
The result now follows from p.6p . □ 
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Proof of Theorem \4-.lC\ First note that the hypothesis that p : I/|jv H 
Kc — >■ ker(dq) (g) C is an isomorphism imphes that L\n Pi Kc has constant 
(complex) rank equal to dim(G). Let Lred C Ered ® C be the reduced 
complex Dirac structure. To find the pure spinor line bundle of Lred, we 
must use the pertubative method of §3.2.2 as L\n H Kc ^ 0. For this, let 
6 G Q}(N,q) be a connection 1-form and choose an invariant complement 
QN C TM\n for TN. Define 

D^p* (Ann (ker(6l) ffi QN)) (g> C. 

It is an invariant isotropic subbundle of Ec\n- We claim that _D is a 
pertubation input for {L,Kc) (i.e. {L\n H Kc) © = _Ecliv). Indeed, 
let e€ Ec- Then 

(e,p*C) = 0, Vp*C €D « C(p(e)) = 0, G Ann (ker(6i) © QiV) ® C 
« p(e) G (ker(6l) © QN) ® C. 

As p : L|jv n Kc — !> ker(dg) ® C is an isomorphism and ker(dg) n (ker(S) © 
QN) = 0, it follows that (L|jv n JCc) n = 0. Our claim now follows 
from dimension count as dimc(i|jv H Kc) = dimc(-D) = dim(G). Write 
9 = X]I=i where {ui, . . . , Ur} is a basis of g and extend 6'i G fl{N) to 
G r(A*T*Af|iv) by fii^lQiv = 0. By Lemma |4T2] — p*(ei A ■ ■ ■ A^,.) G 
r(det(73)) is an invariant section. So, Theorem 13.151 gives that 

ifired = g,(j'nv(0)i/^) = q,{6i A ■ ■ ■ A9r A ftp) 

is a nowhere-zero global section of Uvr-^di-^red)- We claim that j'lp is a 
basic form. Indeed, it is invariant by hypothesis. Now, let u G and 
consider the unique section of L\n n Kc such that p(fcu) = um. As V 
is {A, X, A'^)-admissible, we have that 

fcu = VuA/ 

where rj G Arm (TN) ® C (see Remark 12. 10|l . Hence, as fc„ G i|jv, 

= j*nv(fc„)v3 = iuj^j*'P + fri Aj''(p = i„„ jV, 

as we claimed. Let </5o £ ri(Afred) be such that q*'fio = J*<y'- By Lemma 
14.121 we have that 

•fired = qt{0i A ■ ■ ■ A9r A gVo) = q*{di A ■ ■ ■ A 9r) fo = {^j ipo, 

where u is the left-invariant volume form on G such that iur/\---/\uxi'{e.) = 
1. Finally, 

(/q V)~^q*{difred - Hred A (fired) = dq* fio - q'Hred A q* IfiO 

= dffi-fHAffi 
= j*{difi~ H Aifi)^Q, 

which implies that dipped — Hred A ifired = (we have used that q* Hred ~ 
j*H, see Remark I2.15p . Hence, U\7^^^{Lred) has a nowhere-zero global 
dHr^d'^^'^^^'^ section tpred- The fact that Lred is a generalized complex 
structure follows from (|4.5|) . This completes the proof. □ 
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4.2 T-duality. 

In this subsection, we apply our results on reduction of pure spinors to 
T-duality. This will be based on recent results obtained by G. Cavalcanti 
and M. Gualtieri [101 [9] relating T-duality with the geometry of Courant 
algebroids. We recall briefly the mathematical setting of T-duality intro- 
duced in [J. 

Let TTi : Pi — >■ A'^ be a principal circle bundle with an invariant closed 
integral 3-form Hi G Q'^{Pi) and a connection 1-form 6i G f2^(Pi) . We 
have identified = K in such a way that 7ri*6i = 1 (see Lemma l4.12p . 
Define 

and let ci £ Q^{N) be the curvature of Pi (i.e. 7r*ci = dOi). There exists 
h G n^{N) such that 



(4.9) 

G H^{N,Z). There- 
A'' with a connection 



Hi = 7r*C2 Adi + 7r*/i. 

By general properties of the push-forward map, [c2 
fore, there exists a principal circle bundle 7r2 : P2 — >■ 
1-form 62 G f2^(P2) whose curvature is C2. Define 

H2 = TTaCi A 6I2 + TTa/i G !^^(P2). 

{P2,92, H2) is called the T-dual space corresponding to {Pi, 61, Hi). We 
refer to [3] for the physical interpretation of T-duality and examples of 
T-dual spaces (see also [T0l[24] ') 

Given T-dual spaces {Pi,di, Hi) and {P2,d2, H2), define the corre- 
spondence space to be the fiber product M = Pi Xn P2 of Pi and P2. 
The natural projections gi : Af — > Pi and 52 : M — >■ P2, which make the 
diagram below commutative, 




also give M the structure of a principal circle bundle over Pi and P2 re- 
spectively. Let ^gi[Pi) be the space of invariant differential forms on Pi 
and consider the _ffi-twisted differential dH^, for i = 1, 2. As Hi is invari- 
ant, then restricts to Q,gi[Pi) turning it into a differential complex 
(similarly for djjj and Q.gi{P2))- 

Theorem 4.13. Let B = qlOi A q^Q.^ G ^^(A/). The map r : 

{Q.si{Pi),dHi) {Q.si{P2),dH^) defined by 



T = q2: 



B * 

o e o q-^ 



is an isomorphism of differential complexes. 
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In what follows, we show how to relate the map r to the reduction of 
pure spinors developed in §3.2. This must be seen as providing a comple- 
mentary description of the recently discovered relation between T-duality 
and reduction of Dirac structures studied in |10) . 

Consider the Courant algebroid E — (TM, [•, -J^* )• It carries an 
isotropic S^-lifted action {A, x), where A is defined by (|2.1II (correspond- 
ing to the principal circle bundle §2 : i\/ — > P2) and x : R — T{TM) given 
by 

X(l) = 1m + 52*^2. 

It is straighforward to check conditions (i), (ii) and (iii) of Example 12.21 
for the moment one-form 1 G R ^1 = 93^2 G Q.^{M). Take N ^ M 
as an invariant submanifold and consider the isotropic subbundle K C E 

dm). 

Let (fi G f2si(A/) be a pure spinor. 
Lemma 4.14. q^ip G f2gi(Af) is a pure spinor and N{qt'f) C\K = Q. 

Proof. We refer to Proposition 1.5 in 1 for a proof that qlip is a pure 
spinor. The corresponding Lagrangian subbundle is (c.f. (|2.1ip ) 

ATfeV) = {(Y, dqlri) G TA/ I dq(X) + 77 G 

To prove that Af(qi^p) n A" = 0, it suffices to show that a :— ii^qt'^s + 
^1 Aqi(p 7^ 0. As = 52^2 is a connection 1-form for the principal bundle 
qi : M ^ Pi, it follows from Proposition 14. 12l that 

qi*(a) = {qi*^i)ip / 0. 

□ 

Let Ered ~ (K^ / K) /G be the exact Courant algebroid over A/2 = 
M/ given by Theorem 12.111 The next Lemma show how to identify 
Ered with TP2 via the choice of a splitting. 

Lemma 4.15. Let Vcan : TM E be the trivial splitting. The splitting 
V := Vcan -|- -B is {A, M) -admissible. Moreover, H2 is the curvature of 
the corresponding reduced splitting Vred '. TP2 — >■ Ered. 

Proof. By examining the proof of Proposition 12.71 one has that V is 
{A, Af)-admissible if and only if iij^B — ^1. By definition, B — gi^i Ag2^2. 
As dq-iilm) = Ipi, it follows that 

*1m5 = '?2^2 = Ci- 

As for the last statement, note that 

dB = qldOi A 92^2 - '72rf^2 A qlOi = qlnlci A g56l2 - (7|7r5c2 A qlOi 

= g2^^2 - qlHi. 

Hence, the curvature of V is q1H\ -f dB — 52^2. The result now follows 
from Remark [2321 □ 
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By linil, 

B . * 

ipB = e Aqi(p, 

is a section of the pure spinor line bundle Us/iM^qtip)). As J\f{qiip) flK = 
0, Theorem 13.41 gives that r((/p) = q2*('y5s) is a section of the pure spinor 
line bundle Us/^^^{.N'{ql'p)red)- This shows that r preserves pure spinors; 
as it intertwinnes the twisted-differentials, it also preserves integrable pure 
spinors. In this way, one can interpret r as a map between generalized 
geometries. 

Remark 4.16. In [10) . it is also proven that r preserves pure spinors by 
constructing a map a : rgi(TPi) — > rgi(TP2) which preserves both the 
symmetric pairing and the Courant brackets and satisfies 

r oni(e) = n2(a(e)) or, VeSFsi, 

where Hi : Cl{TPi) — >■ End(A*r*Pi) is the representation associated to 
the canonical splitting, for i — 1,2. Note that ^(rgi (A/'(<^)) = T^i {M{ql'p)r£d)- 
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